Abstract. In this paper we confirm a folklore conjecture which suggests that for a complete noncompact manifold M of finite volume with sectional curvature −1 ≤ K ≤ 0, if the universal cover of M is a visibility manifold, then the fundamental group of each end of M is almost nilpotent. Applications on the geometry and topology of noncompact nonpositively curved manifolds will be discussed.
Introduction
The geometry and topology of complete finite-volume noncompact manifolds of nonpositive curvature is a fascinating topic for a long time. One may refer to [BGS85, Bal01, Bel16, BH99, Ebe96, EHS93] for details and related topics. In [Hei76] Heintze showed that if M is a complete finite-volume noncompact manifold with pinched negative sectional curvature, then there are only finitely many distance minimizing geodesic rays emanating from a point in M . In particular M has only finitely many ends. From the Margulis Lemma [BGS85,  Page 101] we know that the fundamental group of each end of M is almost nilpotent, i.e., it contains a nilpotent subgroup of finite index. One may see [Ebe80, Corollary 3.3] or [BGS85,  Page iii] for more details. Gromov proved in [Gro78] that if M is a complete finite-volume noncompact manifold with sectional curvature −1 ≤ K < 0, then M is of finite type, i.e., M is diffeomorphic to the interior of a compact manifold with boundary. In particular, the fundamental group of M is finitely presentable.
Recall that a complete simply connected manifold M of nonpositive sectional curvature is called a visibility manifold if any two distinct points on the geometric boundary can be joined by a geodesic line. A typical example is a complete simply connected manifold of uniformly negative sectional curvature. Eberlein [Ebe80, Theorem 3 .1] showed that for a complete noncompact manifold M of finite volume with sectional curvature −1 ≤ K ≤ 0, if the universal cover of M is a visibility manifold, then M has only finitely many ends and each end is parabolic and Riemannian collared. Indeed he showed that each end is homeomorphic to a codimension-one closed aspherical submanifold, called a cross-section, cross the real line. Where each cross section is a compact quotient manifold of a horosphere [Ebe80, Lemma 3.1g]. The following folklore conjecture has been open over decades. Conjecture 1.1. Let M be a complete noncompact Riemannian manifold M of finite volume with sectional curvature −1 ≤ K ≤ 0. Suppose that the universal cover of M is a visibility manifold. Then the fundamental group of each end of M is almost nilpotent.
This conjecture is known to be true for dim(M ) ≤ 3 (e.g., see [Bel16, Corollary 15.7] ). In this paper, we prove it for all dimensions. Theorem 1.2. Conjecture 1.1 is true.
For the case that dim(M ) = 4, we provide two different proofs.
1
The proof of Theorem 1.2 mainly consists of the following three parts.
Step-1. As introduced above, the fundamental group of each end of M is isomorphic to the fundamental group of a closed aspherical manifold. In particular, the group is finitely presentable. And it is known that the fundamental group of each end of M consists of parabolic isometries of the universal cover M of M and fixes a common point in the geometric boundary of M . A key step in the proof of Theorem 1.2 is to show that this group has subexponential growth. That is, it has vanishing algebraic entropy. This allows us to transfer Conjecture 1.1 to a special case of a modified Milnor's problem. More precisely, a well-known Milnor's problem asks whether a finitely generated group with vanishing algebraic entropy has at most polynomial growth. Grigorchuk in [Gri85] gave a negative answer to Milnor's problem. His counterexample is a finitely generated but not finitely presented group. He modified Milnor's problem as the following conjecture.
Conjecture 1.3 (Modified Milnor Problem).
A finitely presented group with vanishing algebraic entropy has at most polynomial growth.
A celebrated theorem of Gromov [Gro81] states that a finitely generated group of at most polynomial growth is almost nilpotent. One may refer to [BGT12, CRX18, Gri11, dlH00] for related topics on Conjecture 1.3. Let ϕ be an isometry of M . Set Fix(ϕ) = {η ∈ M (∞) : ϕ(η) = η}, where M (∞) is the geometric boundary of M (See section 2 for the precise definition). Motivated by the work [Wu18] of the second named author we show the following Proposition 1.4. Which suggests that Conjecture 1.1 is a special case of Conjecture 1.3. More precisely, we show that Proposition 1.4. Let M be a complete, n (n ≥ 2)-dimensional, simply connected, nonpositively curved manifold whose Ricci curvature satisfies that Ric ≥ −(n − 1). And let Γ 0 be a finitely generated group acting freely and properly discontinuously on M . Assume that there exists a point η ∈ M (∞) such that for every ϕ ∈ Γ 0 \ {e}, Fix(ϕ) = {η}. Then, the algebraic entropy of Γ 0 vanishes.
It is known [EO73, Theorem 6 .5] that a parabolic isometry of a complete visibility manifold has a unique fixed point on its geometric boundary. Clearly Proposition 1.4 implies that the fundamental group of each end of M in Conjecture 1.1 has zero algebraic entropy. If dim(M ) = 4, by [Ebe80, Lemma 3.1g] it is known that the fundamental group of each end of M in Conjecture 1.1 is isomorphic to the fundamental group of a closed 3-dimensional aspherical manifold. By using Perelman's solution of the Poincare Conjecture, Cerbo showed in [DC09] that the fundamental group of a closed 3-dimensional aspherical manifold either is almost nilpotent or has a uniform positive algebraic entropy. Thus Theorem 1.2 is proved for the 4-dimensional case. For general dimensions, because of the lack of information on the structures of closed aspherical manifolds, more developments are required. Together with the following two steps we will provide a proof of Theorem 1.2 for all dimensions without using Perelman's solution of the Poincare Conjecture.
Step-2. Let M be as in Conjecture 1.1. Denote by M its universal cover. The fundamental group Γ of M acts freely and properly on M by isometries. Let γ be a lift of a geodesic ray in M converging to an end E and write η = γ(∞). The stability subgroup Γ η = {ϕ ∈ Γ : ϕ(η) = η} is isomorphic to the fundamental group of E. Inspired by the work of Caprace and Monod in [Cap09, CM13] , we study the action of Γ η on the transverse space M η associated with η. The space M η is a complete proper CAT(0) space on which Γ η acts cocompactly by isometries. However, the action of Γ η on M may not be discrete although Γ η is a finitely generated group. In this step we first prove Theorem 6.2, which is a type of classical Bieberbach Theorem without the proper action assumption. Then by adopting the main result of Adams-Ballmann in [AB98] we will show that this transverse space M η is a bounded space.
Step-3. Let d(·, ·) denote the distance function. By the definition of transverse space associated to a geometric boundary point, the boundedness of M η in step-2 implies that for any geodesic ray γ : [0, ∞) → M with γ(∞) = η there exists a uniform constant C > 0 such that for every
is the distance between two geodesic rays γ and ϕ•γ. Then Theorem 1.2 follows by the following version of the Margulis Lemma, which is derived in Section 3. More precisely, we show that Proposition 1.5 (Margulis Lemma at Infinity). Let M be a complete, simply connected ndimensional manifold with sectional curvature −1 ≤ K ≤ 0 and Γ η be a finitely generated, discrete group of parabolic isometries that fixes some η ∈ M (∞) and all horospheres centered at η. Suppose that for a geodesic ray γ : [0, ∞) → M with γ(∞) = η there exists a uniform constant C > 0 such that for any ϕ ∈ Γ η , the distance satisfies that
Then Γ η is almost nilpotent.
In Section 3 we will provide two proofs of Proposition 1.5. One is to use the structure of the transverse space M η . The other one is a direct consequence of Theorem 3.6, a refined version of Proposition 1.5, which allows C to go to infinity in terms of the word norm of ϕ. Remark 1.6. Caprace and Monod in [CM13, Corollary E] showed that for a proper cocompact CAT(0) space X, every finitely generated discrete subgroup of the isometry group of X with zero algebraic entropy is almost nilpotent. Although in the proof of Theorem 1.2 we know that the transverse space M η is a proper cocompact CAT(0) space and Γ η is a finitely generated group with zero algebraic entropy (by step-1), the group Γ η may not be a discrete subgroup of the isometry group of M η . For example, for the case that the curvature of M has pinched negative curvature, the group Γ η acts trivially on M η . Thus Theorem 1.2 is not a consequence of step-1 and [CM13, Corollary E].
Step-2 and step-3 are necessary in our proof. The second named author is grateful to Prof. Monod for explaining [CM13, Corollary E] to him.
We close this introduction section by discussing several applications of Theorem 1.2.
Ranks of groups. The first application is to determine the rank of the fundamental group of each end of M in Theorem 1.2. More precisely, we have Corollary 1.7. Let M be a complete noncompact Riemannian manifold M of finite volume with sectional curvature −1 ≤ K ≤ 0. Suppose that the universal cover of M is a visibility manifold. Then for each end E of M , the rank rank(π 1 (E)) of the fundamental group of E satisfies that rank(π 1 (E)) = dim(M ) − 1.
Negatively curved manifolds without visibility. Theorem 1.2 gives a non-visibility criterion for complete manifolds of finite volume and bounded nonpositive curvature. In [AS92] Abresch and Schroeder constructed certain so-called graph manifolds M 4 of dimension 4 of sectional curvature −1 ≤ K < 0 and finite volume. In their construction, the fundamental group of each end of M 4 contains a subgroup which has exponential growth. Our second application of Theorem 1.2 is to determine the visibility of such manifolds. We prove Corollary 1.8. Let M 4 be the manifold in [AS92] which has finite volume and sectional curvature −1 ≤ K < 0. Then the universal cover of M 4 is not a visibility manifold.
Strongly asymptotic rays in ends. Recall that two geodesic rays γ 1 , γ 2 in a complete simply connected manifold M of nonpositive sectional curvature are asymptotic if
It is well-known (e.g., see [HIH77] ) that if the sectional curvature K of M is uniformly negative, then two asymptotic geodesic rays γ 1 and γ 2 are strongly asymptotic, i.e., lim t→∞ d(γ 1 (t), γ 2 ) = 0. The third application of Theorem 1.2 is as follows.
Corollary 1.9. Let M be a complete noncompact Riemannian manifold M of finite volume with sectional curvature −1 ≤ K ≤ 0. Suppose that the universal cover M of M is a visibility manifold. Suppose σ : [0, ∞) → M is a geodesic ray that converges to an end. Then any two asymptotic lifts γ 1 and γ 2 of σ are strongly asymptotic, i.e., if
To our best knowledge Corollary 1.9 is new even for the case that the universal cover M is Gromov hyperbolic. For the proof of Corollary 1.9, we first show Theorem 1.2, i.e., the fundamental group of an end E of M is almost nilpotent. Then we apply the structure of E which is homeomorphic to C × R where C is a cross-section and use an induction argument on the depth of the almost nilpotent group π 1 (E) to complete the proof.
One open question. In view of Theorem 1.2 and Corollary 1.9, the following question is naturally raised.
Question 1.10. Let (M, ds 2 0 ) be a complete noncompact Riemannian manifold of finite volume with sectional curvature −1 ≤ K ≤ 0. Suppose that the universal cover M of (M, ds 2 0 ) is a visibility manifold. Does M admit a complete Riemannian metric ds 2 such that (M, ds 2 ) has pinched negative curvature and finite volume?
If the answer to Question 1.10 is positive, it is not hard to see that Theorem 1.2 is a direct consequence. In the Appendix we will construct a complete manifold (M, ds 2 0 ) of finite volume with curvature −1 ≤ K ≤ 0 such that its universal cover ( M , ds 2 0 ) is a visibility manifold but not a Gromov hyperbolic space. This example also tells that one cannot expect that the metric ds 2 in Question 1.10 is bi-Lipschitz to ds 2 0 ; otherwise, the space ( M , ds 2 0 ) would be Gromov hyperbolic because Gromov hyperbolicity is preserved by quasi-isometries [BH99] .
Plan of paper. The paper is organized as follows. In Section 2 we collect preliminaries for nonpositively curved spaces and the groups of isometries. The concept of transverse space is introduced. In Section 3 we prove an asymptotic Margulis Lemma, which deals with the case when the transverse space is bounded. A converse to the main result of Section 3 is shown in Section 4. In Section 5 we show that the fundamental group of each end as stated in Theorem 1.2 has vanishing algebraic entropy. The proof of Theorem 1.2 is completed in Section 6. In Section 7 we prove Corollary 1.7, 1.8 and 1.9. Finally in the Appendix we construct a complete manifold of finite volume with bounded nonpositive curvature whose universal cover is a visibility manifold but not a Gromov hyperbolic space.
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Preliminaries
In this section we set up the notations and provide necessary background on nonpositively curved geometry. One may refer to [Bal01, BGS85, BH99, Ebe96] for more details.
CAT(0) spaces. Let X be a complete geodesic metric space. X is called a CAT(0) space if for any three points x, y, z ∈ X we have
where m is the midpoint of the geodesic segment from x to y. CAT(0) spaces are natural generalizations of complete simply connected manifolds with nonpositive sectional curvature. X is said to be unbounded if sup x,y∈X d(x, y) = ∞. We say a metric space X is proper if all closed bounded sets in X are compact. We say X is of bounded geometry if for all r > δ > 0, there exists n r,δ > 0 such that for any x ∈ X, there are at most n r,δ disjoint geodesic balls of radius δ with centers in B x (r). A complete metric space of bounded geometry is proper. Main examples of CAT(0) spaces of bounded geometry include complete, simply connected Riemannian n-manifolds such that the sectional curvature satisfies K ≤ 0 and the Ricci curvature satisfies Ric ≥ −(n − 1). One may check it directly by using the Bishop-Gromov volume comparison inequality [Gro07] .
The geometric boundary. Let X be a CAT(0) space. Fix a base point x ∈ X. Two geodesic rays γ 1 and γ 2 are said to be asymptotic, denoted by γ 1 ∼ γ 2 if there exists a constant C such that for any t ≥ 0 we have
Define X(∞), the geometric boundary of X, to be X(∞) = the set of all geodesic rays/ ∼ .
We denote X ∪ X(∞) by X. We write γ(∞) as the equivalence class of γ. When M is a complete, simply connected Riemannian manifold with nonpositive curvature, we fix p ∈ M and let S p M denote the set of unit tangent vectors in T p M . Given ω ∈ S p M , there exists a unique geodesic ray γ ω : [0, ∞) → M satisfying γ(0) = p and γ ′ (0) = ω. Two geodesic rays γ 1 and γ 2 starting from p are equivalent if and only if γ 1 = γ 2 . At the same time each equivalence class contains a representative emanating from p. Thus M (∞) can be identified with S p M for each p ∈ M . A basic fact is that M with the cone topology is a compactification of M .
The horocycle topology.
Let ξ ∈ X(∞). Denote by γ x,ξ : [0, ∞] → X the geodesic ray parametrized by arc length with γ x,ξ (0) = x and γ x,ξ (∞) = ξ. The Busemann function B γ x,ξ : X → R is defined by
The level sets of B γ x,ξ are called horospheres centered at ξ and the sublevel sets of B γ x,ξ are called horoballs. If two geodesic rays γ 1 ∼ γ 2 , then B γ 1 − B γ 2 is a constant. When M is a complete, simply connected Riemannian manifold with nonpositive curvature, it is shown in [EO73] that there is a unique topology that makes M a compactification of M , such that for each η ∈ M (∞) the set of horoballs centered at η forms a local basis. This topology is called the horocycle topology.
The visibility axiom. Definition 2.1. A CAT(0) space X is said to satisfy the visibility axiom if each pair of distinct points ξ, η ∈ X(∞) can be joined by a geodesic line, i.e., there is a geodesic γ : R → X such that γ(−∞) = ξ and γ(∞) = η. We also call such a space a visibility CAT(0) space.
Remark 2.2. From the definition it is easy to check that a complete simply connected manifold with uniformly negative sectional curvature is a visibility manifold. A more general example of a visibility manifold is a complete simply connected Gromov hyperbolic manifold of nonpositive curvature (e.g. see [BH99] ). On the other hand, visibility manifolds share a number of properties with uniformly negatively curved manifolds.
Classification of Isometries.
Let ϕ be an isometry of a CAT(0) space X. The displacement function d ϕ : X → R associated with ϕ is defined by
We call |ϕ| = inf
the translation length of ϕ. The collection of nontrivial isometries is divided into three disjoint classes.
Definition 2.3. An isometry ϕ : X → X is called (a) elliptic if d ϕ achieves its minimum on X and |ϕ| = 0, (b) axial if d ϕ achieves its minimum on X and |ϕ| > 0, (c) parabolic if d ϕ does not achieve the minimum on X.
In this paper we concentrate on parabolic isometries. An isometry ϕ of a complete, simply connected manifold M with nonpositive curvature extends naturally to a homeomorphism of M , which is still denoted by ϕ. By the Brouwer fixed point Theorem, ϕ has at least one fixed point in M . It follows that every non-elliptic isometry of M has at least one fixed point in M (∞). Denote by Fix(ϕ) the set of fixed points of ϕ in M . We want to study an isometry through its action on M (∞). First we have the following lemma.
Lemma 2.4. (1). Let ϕ be a parabolic isometry of a proper CAT(0) space X. Then there is some ξ ∈ Fix(ϕ) ∈ X(∞) such that all horospheres centered at ξ are invariant under ϕ.
(2). If |ϕ| = 0, then all horospheres centered at each fixed point of ϕ in X(∞) are invariant under ϕ. Here ϕ is allowed to be elliptic. For the second part, when |ϕ| = 0, we can find a sequence of points {x i } i≥1 in X such that d(x i , ϕ(x i )) < 1/i. Let ξ ∈ X(∞) be a fixed point of ϕ and let H be a horosphere centered at ξ. Denote by
the Busemann function associated with γ x i ,η . Since all γ x i ,η 's are asymptotic, we have for every i ∈ N,
Taking the limit as i → ∞ we get d(H, ϕ(H)) = 0. This completes the proof.
Remark 2.5. We observe that if there is ξ ∈ X(∞) such that all horospheres centered at ξ are invariant under an isometry group Γ, then the action of Γ on X cannot be cocompact. In fact, let γ ∈ ξ be a geodesic ray with γ(0) = x. Then for every ϕ ∈ Γ and for any t > 0,
which is unbounded. This means that for any R > 0, ϕ∈Γ B x (R) doesn't cover X.
In the proof of Lemma 2.4 we used the fact that if two geodesic rays γ 1 ∼ γ 2 , then the function d(γ 1 (t), γ 2 ) is monotonically decreasing in t. We call
the asymptotic distance between γ 1 and γ 2 . We show that if γ 1 and γ 2 are parametrized such that γ 1 (t) and γ 2 (t) lie on the same horosphere for some (and hence for all) t ∈ [0, ∞), then
In fact, it follows immediately from the definition (1) that
, let γ 2 (t + t 0 ) be the projection of γ 1 (t) onto γ 2 . It is implied by the convexity of horoballs that t 0 ≥ 0. Consider the geodesic triangle with vertices γ 1 (t), γ 1 (t + t 0 ) and γ 2 (t + t 0 ). Since γ 1 intersects each horosphere centered at γ 1 (∞) transversely we have
Since X is a CAT(0) space,
Taking t → ∞ yields the desired inequality. If ϕ is a parabolic isometry which fixes ξ ∈ X(∞) and γ is a geodesic ray with endpoint ξ, then γ and ϕ • γ are asymptotic. We denote simply
Moreover, if ϕ also fixes all horospheres centered at ξ, we obtain by (2)
When M is a visibility manifold, a non-elliptic isometry of M is characterized by its fixed points on M (∞).
Lemma 2.6. [EO73, Theorem 6.5] Let M be a complete, simply connected, visibility manifold. Then every parabolic isometry of M fixes exactly one point η ∈ M (∞) and hence also fixes all horospheres centered η. Every axial isometry of M fixes exactly two points in M (∞).
The following result of the second named author will be repeatedly used in this paper.
Theorem 2.7. [Wu18, Theorem 1.3] Let X be a complete proper visibility CAT(0) space. Then, for any parabolic isometry ϕ of X, we have
In Section 5 we will also show that Theorem 2.7 is a consequence of Proposition 5.3.
Transverse spaces.
The study of the transverse space associated with a geometric boundary point of a CAT(0) space was initiated by Caprace and Monod. We refer to [Cap09] and [CM13] for more general results and the proofs.
Let X be an unbounded CAT(0) space and ξ ∈ X(∞) be a boundary point. Fix a horosphere H centered at ξ. Define
It is easy to see that (H, d ξ ) is a pseudo-metric space. Its metric completion, denoted by (X ξ , d ξ ), is called the transverse space of ξ. For example, if X is a complete simply connected manifold of uniformly negative sectional curvature, then d ξ (x, y) ≡ 0 for all x, y ∈ H. That is, the space (X ξ , d ξ ) is a single point.
We will use the following property of transverse spaces, which is a reformulation of Proposition 3.3 in [CM13] .
Theorem 2.8. The space X ξ is a complete CAT(0) space. If X is of bounded geometry, then so is X ξ ; in particular, X ξ is proper.
Since the distance function on a CAT(0) space is convex, it is not hard to see that
Let ϕ be a parabolic isometry of X fixing ξ and all horospheres centered at ξ. Then ϕ induces naturally an (not necessarily parabolic) isometry of X ξ with the same translation length, which is still denoted by ϕ when it doesn't cause any confusion. It is straightforward to check that if a group of isometries fixing ξ acts cocompactly on a horosphere centered at ξ, then it also acts cocompactly on X ξ .
Stability groups.
As remarked in the preceding subsections, every non-elliptic isometry of M fixes at least one point in M (∞). Denote by Isom( M ) the group of isometries of M . Let Γ be a subgroup of Isom( M ). For η ∈ M (∞), we denote by Γ η the stability subgroup
and by Isom η ( M ) the stability subgroup
A group Γ 0 of isometries of M is called a stability group if it fixes a point η ∈ M (∞), i.e.,
For any almost nilpotent group Γ ′ in Isom( M ), if Γ ′ acts freely on M and contains a parabolic isometry, it is known [BGS85, Lemma 7.9-(3)] that Γ ′ is necessarily a stability group.
When M is a visibility manifold and Γ is a group of isometries acting freely and properly discontinuously on M , Eberlein gave a satisfactory result on the structure of the stability subgroups of Γ. We state a reformulation of it.
Theorem 2.9. [EO73, Proposition 6.8] The non-identity elements of a stability subgroup Γ η are either all parabolic or all axial. In the axial case the group is cyclic.
We finish this section by introducing the growth of a finitely generated group.
Word metric and growth of groups. Let Γ be a finitely generated group with generating set S = {ϕ 1 , ϕ 2 , · · · , ϕ l } where l > 0 is an integer. We further assume that S is symmetric, i.e., closed under the inverse operation. Recall a word over the set S is a finite sequence α = ϕ i 1 ϕ i 2 . . . ϕ i L of elements of S. The integer L is called the word length of α. Every word can be identified naturally with a unique element of Γ. We remark that two different words might be identified with the same element of Γ.
Given an element ϕ of Γ, its word norm with respect to the generating set S, denoted by |ϕ| w , is defined to be the shortest length of a word over S which can be identified with ϕ. The distance function d w on Γ in the word metric with respect to S is defined to be
The algebraic entropy h(Γ, S) of Γ wit respect to S is defined by
where B w (k) = {ϕ ∈ Γ : |ϕ| w ≤ k} is the ball centered at e of radius k in the word metric. The existence of the limit follows easily from the relation
It is not difficult to verify that if h(Γ, S) = 0, then
for every symmetric generating set S ′ of Γ. In this case we say Γ has subexponential growth and write h(Γ) = 0.
Γ is said to have exponential growth if for a symmetric generating set S h(Γ, S) > 0.
It is interesting to ask when a finitely generated group with vanishing algebraic entropy is almost nilpotent. By Gromov [Gro81] it is known that a finitely generated group is almost nilpotent if and only if it is of polynomial growth. For this direction, one may see [BGT12, CRX18, Gri11, dlH00].
Boundedness implies nilpotency
In this section we provide a version of the Margulis Lemma at infinity. This corresponds to Step-3 in the proof of Theorem 1.2 as introduced in the Introduction.
Let M be a complete, simply connected Riemannian manifold with pinched sectional curvature −1 ≤ K M ≤ 0. In this section we study stability groups of isometries of M . In view of Theorem 2.9, we are interested in the case when all elements are parabolic. An essential tool for the discussion in this section is the following well-known Margulis Lemma.
Theorem 3.1 (Margulis Lemma). [BGS85, Theorem 9.5] Let M be a complete simply connected n-dimensional Riemannian manifold with curvature −1 ≤ K M ≤ 0 and Γ be a discrete group of isometries of M . Then there exists a constant ε = ε(n) > 0 such that for any
Where n ϕ (x), the rotational norm of ϕ at x, is defined to be
where P ϕ(x),x : T ϕ(x) M → T x M is the parallel translation along the unique geodesic segment γ ϕ(x),x from ϕ(x) to x, and ϕ * : T x M → T ϕ(x) M is the pushforward associated with the map ϕ : M → M .
Remark 3.2. Theorem 3.1 was generalized to complete Riemannian manifolds with low bounds on the Ricci curvature by Cheeger-Colding [CC96] and Kapovitch-Wilking [KW11] . Recently Breuillard-Green-Tao [BGT12] generalizes Theorem 3.1 to metric spaces with so-called bounded packing property. This confirms a conjecture of Gromov [Gro07] . In this paper, we only use Theorem 3.1, which is the traditional Margulis Lemma .
We are now ready to state the main result of this section as follows.
Proposition 3.3 (Margulis Lemma at Infinity). Let M be a complete, simply connected ndimensional manifold with sectional curvature −1 ≤ K M ≤ 0. Let Γ 0 be a finitely generated, discrete group of parabolic isometries that fixes some η ∈ M (∞) and all horospheres centered at η. Suppose that for a geodesic ray γ : [0, ∞) → M with γ(∞) = η there exists a uniform constant C > 0 such that
Proof. Let (X η , d η ) be the transverse space of η. Since the curvature satisfies −1 ≤ K M ≤ 0, by Theorem 2.8 we know that (X η , d η ) is a complete proper CAT(0) space, on which Γ 0 acts by isometries. Let x ∈ X η corresponds to the geodesic ray γ : [0, ∞) → M in the assumption.
This implies that the orbit {ϕ(x)} ϕ∈Γ 0 is a bounded set in (X η , d η ). By the Cartan Fixed Point Theorem [BH99, Page 179] we know that Γ 0 has a common fixed point, i.e., there exists a point x 0 ∈ X η such that ϕ(x 0 ) = x 0 , for all ϕ ∈ Γ 0 . Let H be the horosphere centered at η containing the point γ(0). Recall that the transverse space (X η , d η ) of η is the metric completion of (H, d η ). Thus we can find a geodesic ray
where ε > 0 is the Margulis constant as in Theorem 3.1. Then it follows from the triangle inequality that for every ϕ ∈ Γ 0 ,
Let {ϕ 1 , ϕ 2 , · · · , ϕ l } be a finite generating set for Γ 0 where l > 0 is an integer. The inequality above implies that for a sufficiently large constant t > 0 one may have
By Theorem 3.1 we know that the group Γ 0 =< ϕ 1 , ϕ 2 , · · · , ϕ l > is almost nilpotent.
Proposition 3.3 can be used to study the stability groups of isometries of a Gromov hyperbolic manifold of nonpositive curvature. Recall that, for a constant δ > 0, a geodesic metric space is called δ-hyperbolic if for any geodesic triangle △xyz, the side γ x,y lies completely in the δ-neighborhood of the other two sides γ x,z and γ y,z . A metric space is called Gromov hyperbolic if it is δ-hyperbolic for some δ > 0.
Lemma 3.4. Assume that M be a complete, simply connected δ-hyperbolic manifold with nonpositive sectional curvature. Let x, y, z, w be four distinct points in
Proof. Consider the geodesic triangle △xyw. By the definition of Gromov hyperbolicity there is a point x ′ on the geodesic segment γ y,w such that d(x ′ , γ x,y ) ≤ δ and d(x ′ , γ x,w ) ≤ δ. On the other hand, in the triangle △yzw we know there is point y ′ ∈ γ y,z ∪γ z,w satisfying d(x ′ , y ′ ) ≤ δ. We claim that y ′ must lie outside of γ y,z ; otherwise
which is a contradiction. Thus we have y ′ ∈ γ z,w .
Together with the triangle inequality we obtain
This completes the proof.
Now we have an immediate application of Proposition 3.3, which generalizes a well-known result for complete manifolds with pinched negative curvature [Bow93, Lemma 4.9].
Corollary 3.5. Let M be a complete, simply connected Gromov hyperbolic manifold with −1 ≤ K M ≤ 0 and Γ 0 be a group of parabolic isometries that fixes η ∈ M (∞) and hence also all horospheres centered at η. Then Γ 0 is locally nilpotent, i.e., every finitely generated discrete subgroup of Γ 0 is almost nilpotent.
Proof. Assume that M is δ-hyperbolic for some δ > 0. Fix p ∈ M and let γ p,η : [0, ∞) → M be the geodesic ray with γ(0) = p and γ(∞) = η. We show that for every ϕ ∈ Γ 0 ,
Assume not, then there exists ϕ ∈ Γ 0 such that for all t > 0,
Since ϕ is a parabolic isometry fixing η ∈ M (∞), γ p,η (t) and ϕ • γ p,η (t) lie on the same horosphere with center η. It follows from the convexity of horoballs that
It is then easy to check that for t > 2L the geodesic quadrangle with vertices γ p,η (t), ϕ • γ p,η (t), ϕ • γ p,η (t − 2L), γ p,η (t − 2L) satisfies the assumption of Lemma 3.4 and we get
) is convex and monotonically decreasing. Therefore by (4), for t > 2L,
by letting t → ∞ we get a contradiction. This implies that d ϕ (γ p,η ) is uniformly bounded for ϕ ∈ Γ 0 and the corollary follows from Proposition 3.3.
It is well-known [BH99, Proposition 9.32] that the universal cover of a compact manifold of nonpositive curvature is Gromov hyperbolic if and only if it satisfies the visibility axiom. We will give an example in the Appendix which shows that the compactness condition cannot be replaced by the finite volume condition. Hence for general visibility manifolds we need to develop new methods to derive the nilpotency of stability groups, which will be discussed in the following three sections.
For the rest of this section we provide a more general version of the Margulis Lemma at infinity, which replace the constant C in Proposition 3.3 by an unbounded growth function associated with the word norm. Although we only use Proposition 3.3 in the proof of Theorem 1.2, the following more general result is also interesting. Namely we prove a Margulis type lemma in terms of asymptotic distance as follows.
Theorem 3.6. Let M be a complete, simply connected n-dimensional manifold with −1 ≤ K M ≤ 0 and Γ 0 = ϕ 1 , ϕ 2 , · · · , ϕ l be a finitely generated, discrete group of parabolic isometries that fixes η ∈ M (∞) and all horospheres centered at η. Then there exists a constant δ > 0 such that, if for some k ∈ N * \ {1} and for some geodesic ray γ :
Then Γ 0 is almost nilpotent.
Clearly Proposition 3.3 is a direct consequence of Theorem 3.6. Before proving it, we provide certain necessary preparations and a useful lemma. Let x ∈ M and ω ∈ T x M . Denote simply the holonomy
It is easy to see that Hol ϕ is a linear isometry of T x M that preserves S x M , hence it can thought of as an element in the orthogonal group O(n). There is a natural distance function
which makes O(n) a compact manifold with the induced topology. For ϕ 1 , ϕ 2 ∈ Γ, define the distance between Hol ϕ 1 and Hol ϕ 2 based at x to be the induced distance as elements of O(n). To be precise,
The following lemma allows us to compare parallel translations along different piecewise geodesic paths. For completeness we provide the details for the proof. Given ω ∈ S x M , denote by ω t the parallel transport of ω along c t . We have
Here we have used the purely algebraic fact that the pinched sectional curvature condition implies the boundedness of the curvature operator. Indeed by the symmetries of the curvature tensor and the Bianchi identity we have for any p ∈ M and any µ, υ, ω, τ ∈ S p M ,
which implies that | R(µ, υ)ω, τ | ≤ 4/3. The proof of the lemma is complete.
Let η ∈ M (∞) be a boundary point. Assume that Γ 0 is a group of parabolic isometries fixing all horospheres centered at η. For q ∈ M , denote q t = γ q,η (t), where γ q,η is the geodesic ray emanating from q to η parametrized by arc length. Given ϕ ∈ Γ 0 , recall that
is the asymptotic distance between γ q,η and ϕ • γ q,η .
We are now ready to prove Theorem 3.6.
Proof of Theorem 3.6. Suppose that (5) holds for the a natural number k ≥ 2 and for a geodesic ray γ ∈ η. Denote p = γ(0) and p t = γ(t). Observe that there are only finitely many elements in Γ 0 with word norm ≤ k. Thus we can choose t > 0 sufficiently large so that d ϕ (p t ) ≤ δ log k for all ϕ ∈ Γ 0 with |ϕ| w ≤ k.
Let ε = ε(n) be as in Theorem 3.1. Because the orthogonal group O(n) is compact, there exists a constant m = m(n, ε) such that any collection of m elements in O(n) contains a pair between which the distance ≤ θ/3, where θ = 0.49 is the rotational norm bound as in Theorem 3.1.
We first consider the case when k is sufficiently large. We claim that there exists a positive constant K 0 depending only on n, such that when k ≥ K 0 and when δ is sufficiently small, any collection of k points in the geodesic ball B pt (δ log k) contains m points lying in a geodesic ball of radius θ 2δ log k .
In fact, let q 1 , q 2 , · · · , q k ∈ B pt (δ log k) be such a collection and consider the geodesic
), which are all contained in B pt (δ log k + θ 2δ log k ). By the Bishop volume comparison theorem, all of their volumes are bounded from below by that of the corresponding geodesic ball in R n . That is,
where ω n denotes the (n − 1)-dimensional area of the unit sphere in R n . On the other hand, the volume of B pt (δ log k + θ 2δ log k ) is larger than that of the corresponding geodesic ball in
Now we let δ = 1 2n . If K 0 is sufficiently large, then
It is easy to verify that this holds, for example, when
Combining (6), (7) and (8) we obtain
In view of (10), there exists a point q ∈ B pt (δ log k + θ 2δ log k ) that is covered by at least m
). Thus the ball centered at q with radius θ 2δ log k contains at least m points in {q 1 , q 2 , · · · , q k } and the claim follows.
49 is a nilpotent subgroup of Γ 0 . We need to show that N has finite index in Γ 0 .
Let ϕ ∈ Γ 0 be an isometry with |ϕ| w = j > k. Let ϕ l 1 · · · ϕ l j be a shortest word over {ϕ 1 , ϕ 2 , · · · , ϕ l } representing ϕ. Consider the collection of k points,
The argument above shows that it contains m points that lie in a ball of radius θ 2δ log k , and among these m points there is a pair αβ(p t ) and β(p t ) such that |α| w ≥ 1 and d pt (Hol αβ , Hol β ) ≤ θ/3. By Lemma 3.7,
where F is the area of the Euclidean comparison triangle with edge lengths d(p t , β(p t )), d(p t , αβ(p t )) and d(β(p t ), αβ(p t )). We have
and it follows that n β −1 αβ (p t ) ≤ θ. Here we have used that both αβ and β have word norm ≤ k. This together with the fact that
Therefore we can write ϕ = ϕ ′ αβ as ϕ = ϕ ′ β · β −1 αβ with β −1 αβ ∈ N . It is clear that |ϕ ′ | w ≤ |ϕ| w − 1. We can repeat the process for ϕ ′ provided its word norm ≥ k. Eventually we can write ϕ as the product of an isometry with word norm < k and an element of N . Since there are only finitely many isometries with word norm < k, N has finite index in Γ 0 .
The remaining case is when k ≤ K 0 . We can simply let
Then if Γ 0 = ϕ 1 , ϕ 2 , · · · , ϕ l satisfies (5), it is almost nilpotent by the Margulis Lemma, since d ϕ j (p t ) ≤ ε for all 1 ≤ j ≤ l. This together with (9) shows that if (5) holds for δ = ε n 2 ε + mn n+1 /ε , then Γ 0 is almost nilpotent.
Remark 3.8. (a) The lower bound of the sectional curvature is essential for Proposition 3.3 and Theorem 3.6. Let M be the warped product R × f H 2 , where f (t) = e −t and H 2 is the hyperbolic space. Let Γ be a group of isometries acting freely, properly discontinuously and cocompactly on H 2 . It it well-known that Γ contains a nonabelian free subgroup, and hence cannot be almost nilpotent. However, Γ induces naturally an isometry group of M which fixes t = ∞. For any q ∈ H 2 and every ϕ ∈ Γ, d ϕ (γ) = 0, where γ = (t, q), t ≥ 0 is a geodesic ray. Let Π be a 2-plane in T (t,q) M spanned by the vector tangent to R × {q} and a vector tangent to {t} × H 2 . By the sectional curvature formula for warped products ([BO69]), K(Π) = −1 and K(T (t,q) ({t} × H 2 )) = −e 2t − 1, thus K M is bounded from above by −1 and is unbounded from below. (b) Consider the product space M = H 2 × R which is endowed with the product metric, and let Γ be a group which is isomorphic to a punctured hyperbolic surface of finite volume. Then the curvature satisfies −1 ≤ K ≤ 0 and Γ × Z acts on M as isometries with a finite volume open quotient. It is not hard to see that the group Γ × {e} fixes the boundary point corresponding to the geodesic ray in the R factor. It is clear the group Γ × {e} is not almost nilpotent because H 2 /Γ has finite volume. And it is not hard to see that the inequality (5) does not hold in this case. Thus, inequality (3) (or (5)) is also necessary for Proposition 3.3 (or Theorem 3.6).
Nilpotency implies boundedness
Let Γ 0 be a finitely generated stability group consisting of parabolic isometries which fixes η ∈ M (∞) and all horospheres centered at η. In Section 3 it is proved that if there is a constant C > 0 and a geodesic ray γ : [0, ∞) → M with γ(∞) = η such that
The aim of this section is to show the converse under the additional assumption that Γ 0 acts cocompactly on a horosphere centered at η and under a relaxed curvature condition without lower bound. Moreover, we show that the constant C in the inequality above is equal to 0 in this case. More precisely, Theorem 4.1. Let M be a complete, simply connected visibility manifold with sectional curvature K M ≤ 0. Let η ∈ M (∞) be a boundary point. Assume that there is an almost nilpotent stability group Γ 0 ⊂ Isom η M consisting of parabolic isometries which acts freely, properly discontinuously and cocompactly on every horosphere centered at η. Then η is a zero point with respect to Γ 0 , i.e., d(γ, ϕ • γ) = 0 for any geodesic ray γ ∈ η and for every ϕ ∈ Γ 0 .
Proof of Theorem 4.1. We first prove the case that Γ 0 itself is nilpotent. By definition there is a finite series of normal subgroup
where Γ
, Γ], i = 0, 1, · · · , d − 1. Let H 0 be a horosphere centered η. Since H 0 /Γ 0 is compact, there is a closed bounded fundamental domain F 0 ⊂ H 0 for Γ 0 . It is easy to check that for any t ≥ 0, F −t = {q t = γ q,η (t) : γ q,η (0) = q ∈ F 0 } is a fundamental domain for Γ in the horosphere
to be the diameter of F 0 . For ϕ ∈ Γ 0 , define a continuous function by
Since ϕ is a parabolic isometry of M , this function D ϕ is well-defined. From the definition we have for any t ≥ 0,
When ϕ ∈ Γ
0 , which is the center of Γ 0 , we have for every ψ ∈ Γ 0 and any geodesic ray γ : [0, ∞) → M with γ(0) = q and γ(∞) = η,
That is, D ϕ is invariant under the action of Γ 0 . By the continuity of D ϕ we can find p 0 , q 0 ∈ F 0 so that
We claim that k = k.
We will arrive at a contradiction. By the definition of D ϕ there exists T > 0 such that
Fix a constant S > T + D, where D is the diameter of F 0 . Let r 0 ∈ M be the unique point such that γ q 0 ,η (S) is the midpoint of the geodesic segment from γ p 0 ,η (S) to r 0 . Observe that
It then follows from (12) (13) and the convexity of d ϕ that
which contradicts the choice of δ. Thus
On the other hand, since 
By the inductive hypothesis, D α ≡ 0 on M . It then follows from the triangle inequality that
The proof of the case when Γ 0 is nilpotent is complete by induction. Now consider the case when Γ 0 is almost nilpotent. By definition we can write Γ 0 = N ϕ 1 ∪ · · · ∪ N ϕ k as a finite union of right cosets of N , where N ⊂ Γ 0 is a nilpotent subgroup of finite index. Let F ⊂ H 0 be a fundamental domain for Γ 0 , then it is straightforward to check that ϕ 1 (F ) ∪ · · · ∪ ϕ k (F ) is a closed bounded fundamental domain for N in H 0 . It follows that N also acts cocompactly on H 0 . We have already shown that d ϕ (γ) = 0 for every ϕ ∈ N and for any geodesic ray γ with γ(∞) = η. As for ϕ j , 1 ≤ j ≤ k, we have for every ϕ ∈ N and for any geodesic ray γ ∈ η,
by the triangle inequality. Equivalently, d ϕ j is invariant under N . Repeating the preceding argument, we obtain that the minimum and maximum of d ϕ j have equal value 0. Now for a general element ϕϕ j ∈ Γ 0 , where ϕ ∈ N , it follows that
This completes the proof of Theorem 4.1.
Let M be as in Conjecture 1.1. Let σ : [0, ∞) → M be a geodesic ray converging to an end E. Take a lift γ of σ in the universal cover M of M . By [Ebe80, Lemma 3.1g] the fundamental group π 1 (E) acts discretely and cocompactly on all horospheres in M centered at γ(∞). In view of Proposition 3.3 and Theorem 4.1, the following three assertions are equivalent:
Therefore, to prove Theorem 1.2, it is sufficient to show (a). In the following two sections we will prove this inequality.
Zero algebraic entropy
Let M denote a complete noncompact manifold of finite volume and nonpositive sectional curvature −1 ≤ K M ≤ 0. We further assume that the universal cover of M satisfies the visibility axiom. The main result of this section is the following theorem, which suggests that Conjecture 1.1 is a special case of Conjecture 1.3.
Theorem 5.1. For each end E ⊂ M , the fundamental group of E has zero algebraic entropy, i.e., h(π 1 (E)) = 0.
By Eberlein's work [Ebe80, Theorem 3.1] it is known that the fundamental group of an end E consists of parabolic isometries of the universal cover M of M and fixes a common boundary point in M (∞). Since M is a visibility manifold, by Lemma 2.6 we know that there exists η ∈ M (∞) such that the set of fixed points Fix(ϕ) = {η} for every ϕ ∈ π 1 (E) \ {e}. Actually Theorem 5.1 is a consequence of the following more general result.
Proposition 5.2 (=Proposition 1.4). Let M be a complete, n (n ≥ 2)-dimensional, simply connected, nonpositively curved manifold whose Ricci curvature satisfies that Ric M ≥ −(n−1). Let Γ 0 be a finitely generated group acting freely and properly discontinuously on M . Assume that there exists a point η ∈ M (∞) such that Fix(ϕ) = {η} for every ϕ ∈ Γ 0 \ {e}. Then, the algebraic entropy of Γ 0 vanishes, i.e., h(Γ 0 ) = 0.
We split the proof of Proposition 5.2 into two parts. The first part holds in a more general setting. More precisely, Proposition 5.3. Let X be a complete proper CAT(0) space and Γ 0 be a group of isometries of X generated by a finite symmetric set S which acts properly discontinuously on X. Assume that there exists a point ξ ∈ X(∞) such that Fix(ϕ) = {ξ} for every ϕ ∈ Γ 0 \ {e}. Then for any x ∈ X we have
Where | · | w is the word norm with respect to S.
Remark 5.4. The limit lim k→∞ max |ϕ|w≤k d(x, ϕ(x))/k is called the asymptotic joint displacement of S by Breuillard and Fujiwara in [BF18] . They study the relation between the asymptotic joint displacement and other quantities that arise from geometric group theory for general CAT(0) spaces and Gromov hyperbolic spaces.
Before the proof, we show that Theorem 2.7 of the second named author is a direct consequence of Proposition 5.3. Recall that Theorem 2.7 states that the translation length of each parabolic isometry of a complete proper visibility CAT(0) is 0.
Proof of Theorem 2.7. Since X is a complete proper visibility CAT(0) space and ϕ is parabolic, it is known (see the proof of [BGS85, Lemma 6.8]) that ϕ has a unique fixed point ξ ∈ X(∞). Moreover, Fix(ϕ k ) = ξ for every k ∈ Z \ {0}. Recall that (see [BGS85, Lemma 6 .6])
k is independent of the choice of x ∈ X.
Let ϕ be the cyclic group generated by ϕ. Case-1. The group ϕ acts properly discontinuously on X. For this case, it follows by Proposition 5.3 that
Case-2. The group ϕ does not act properly discontinuously on X. Since X is proper, there exists a constant r 0 > 0 such that
By the triangle inequality, there exists a sequence {k i } i≥1 of integers such that for every i
By replacing ϕ by ϕ −1 if necessary, we may assume that {k i } i≥1 ⊂ Z + . Then we have
Then the conclusion follows.
The proof of Proposition 5.3 is motivated by the method of Karlsson-Margulis in [KM99] . Before providing details, we list several facts that will be applied later.
Let γ : [0, ∞) → X be the unique geodesic ray satisfying that γ(0) = x and γ(∞) = ξ.
(a) The condition Fix(ϕ) = {ξ} implies that ϕ is a parabolic isometry of X. In fact, if ϕ is either elliptic or axial, we can find x 0 ∈ X so that d ϕ (x 0 ) = |ϕ|. Let γ 0 : R → X be the geodesic satisfying γ 0 (0) = x 0 and γ 0 (∞) = ξ. Then γ 0 is preserved by ϕ and therefore γ 0 (−∞) is also a fixed point of ϕ, which contradicts Fix(ϕ) = {ξ}. It follows from Lemma 2.4 that ϕ leaves all horospheres centered at ξ invariant.
(b) Since Γ 0 acts properly on X, a sequence {ϕ k (x)} k≥1 escapes to infinity provided lim k→∞ |ϕ k | w = ∞. Since Fix(ϕ) = {ξ} for every ϕ ∈ Γ 0 \ {e}, the sequence {ϕ k (x)} k≥1 converges to ξ in the cone topology. Therefore the sequence {γ k } k≥1 of geodesic rays converges pointwise to γ, where γ k is the unique geodesic ray emanating from x that passes through ϕ k (x).
(c) For t ≥ 0, let H −t be the horosphere centered at ξ such that γ(t) ∈ H −t . In particular, x ∈ H 0 . As discussed in (a), the orbit of x is also contained in H 0 . It is known that for any t, s ∈ [0, ∞),
Thus, for every ϕ ∈ Γ 0 and for any t ∈ [0, ∞), we have
We are now ready to prove Proposition 5.3.
Proof of Proposition 5.3. Firstly we show that
If (15) is true, then the proof is a simple observation as follows. Set
Since Γ 0 acts properly discontinuously on X, we have
Together with (15), this yields
The conclusion follows. Now we start to prove (15). For every integer k ≥ 1, we set
We can choose ϕ k ∈ Γ 0 with |ϕ k | w = k so that
One may write
Hence for all k, l ≥ 1, by the triangle inequality
where the last inequality follows by the definition (16).
That is, the sequence {a k } k≥1 is subadditive. By Fekete's Subadditive Lemma, the limit
We argue by contradiction that A = 0.
Suppose that A > 0.
By (17) we know that for any ǫ ∈ (0, A), there exists an integer K(ǫ) > 0 such that
Moreover, the sequence {a k − (A − ǫ) · k} k≥1 is unbounded. So there is a subsequence
Together with (18) and the subadditivity of {a k } k≥1 , this yields
On the other hand, by the triangle inequality (20) and (21) we have
In particular, R k;j > 0.
For every k ≥ 1, let γ k : [0, ∞) → X be the unique geodesic ray with γ k (0) = x and
) is bounded from above by the corresponding angle of the Euclidean comparison triangle. By (23), the Euclidean comparison triangle is an isosceles triangle. it follow that
See Figure 1 . Consider the geodesic triangle with vertices x, γ i k (R k;j ) and Π j i=1 ϕ i k ;i (x). Since X is a CAT(0) space, we have for every
Here we have used the estimates (18) and (22). Thus, by (22), (24) and the triangle inequality we have for every
On the other hand, by Fact (b) we know that the sequence {γ k } n≥1 of the geodesic rays converges pointwise to the geodesic ray γ : [0, ∞) → X with γ(0) = x and γ(∞) = ξ. This implies that for every fixed integer j ≥ K(ǫ),
By (14) and the triangle inequality we have for every K(ǫ) ≤ j ≤ i k and for all k ≥ 1,
where the last inequality follows from (25). Taking the limit as k → ∞, by (26) we get that
That is, A ≤ ǫ + 2 √ A · ǫ Observe that this inequality is valid for any ǫ ∈ (0, A). By taking ǫ → 0 we obtain 
Since Γ 0 acts freely and properly discontinuously on M , we have that
Let S be a finite symmetric generating set for Γ 0 and denote by | · | w the word norm with respect to S. Recall that B w (k) = {ϕ ∈ Γ 0 : |ϕ| w ≤ k} is the geodesic ball in the word metric.
For every k ≥ 1, set
By the triangle inequality, the union of geodesic balls satisfies that (27)
Recall that n is the dimension of M . Since the curvature of M is nonpositive, by the volume comparison theorem there exists a constant C > 0 depending only on n and ǫ 0 , such that for all ϕ ∈ Γ 0 ,
On the other hand, the Ricci curvature satisfies Ric M ≥ −(n−1), it follows by the standard Bishop-Gromov volume comparison inequality [Gro07] that there exists a constant C ′ > 0 depending only on n such that
where B(b k + ǫ 0 ) is a geodesic ball of radius b k + ǫ 0 in the n-dimensional hyperbolic space H n . By the choice of ǫ 0 we know that
Otherwise, there would exist a point y ∈ B ϕ 1 (x) (ǫ 0 )∩B ϕ 2 (x) (ǫ 0 ) and therefore by the definition of ǫ 0 we have
which is impossible.
Combining (27), (28), (29) and (30) we obtain that
Taking the logarithm on (31) we get
By Proposition 5.3 we have that
Now taking the limit of the inequality (32) yields
that is,
The proof is complete.
Let M be the manifold in Conjecture 1.1. If dim(M ) = 4, by [Ebe80, Theorem 3.1 or Lemma 3.1g] it is known that each end of M is homotopic to a closed 3-dimensional aspherical manifold. Actually Cerbo in [DC09] showed that the fundamental group of a closed 3-dimensional aspherical manifold either is almost nilpotent or has a uniform positive algebraic entropy. Thus for the 4-dimensional case, Theorem 1.2 follows from Proposition 5.2 and the work of Cerbo in [DC09] . We remark that the results in [DC09] rely on Perelman's solution of the Poincare Conjecture. For general dimensions, in the following section we will complete the proof of Theorem 1.2 without using Perelman's solution of the Poincare Conjecture. In other words, we provide two different proofs of Theorem 1.2 for the case that dim(M ) = 4.
Proof of Theorem 1.2
In this section we prove Theorem 1.2. Throughout this section we assume that M is a complete, simply connected visibility manifold with −1 ≤ K M ≤ 0 and that Γ is a nonuniform lattice in M , i.e., Γ acts freely and properly discontinuously by isometries on M and M /Γ is a noncompact manifold with finite volume. Nonuniform lattices in visibility manifolds are investigated in [Ebe80] . It is shown that M /Γ has only finitely many ends and each end is parabolic and Riemannian collared.
More precisely, let E be an end of M /Γ and σ : [0, ∞) → M /Γ be a geodesic ray that converges to E. Choose γ a lift of σ to M and let η = γ(∞) ∈ M (∞). The fundamental group π 1 (E) of E is isomorphic to the stability subgroup Γ η = {ϕ ∈ Γ : ϕ(η) = η}, and the end E can be regarded as B η /Γ η for a horoball B η centered at η. Γ η contains only parabolic elements. Therefore by Lemma 2.4 all horoballs centered at η are invariant under Γ η . Moreover, Γ η acts cocompactly on every horosphere centered at η.
It is implied by Proposition 3.3 that Γ η is almost nilpotent if d ϕ (γ) is uniformly bounded for all ϕ ∈ Γ η along some geodesic ray γ ∈ η. For the general case, the action of Γ η on a horosphere H does not seem to give us much useful information on the structure of Γ η . The main reason is that H with the induced metric might have curvature of both signs and even conjugate points (e.g., see [HIH77] ). In order to overcome this difficulty we consider the transverse space M η of η. By Theorem 2.8, M η is a complete CAT(0) space of bounded geometry. As remarked in Section 2, if a group of isometries fixing η acts cocompactly on a horosphere centered at η, then it also acts cocompactly on M η . Thus, the group Γ η induces a group of isometries acting cocompactly on M η .
In contrast with the case of manifolds, there are many proper CAT(0) spaces with infinitedimensional boundaries. Thus it is difficult to relate an isometry group with its action on the geometric boundary.
A flat in a CAT(0) space is a complete, totally geodesic, isometrically embedded Euclidean space. A finitely generated group Γ is called amenable if Γ has a finite additive left-invariant probability measure. The following theorem due to Adams and Ballmann is essential in the proof of Theorem 1.2.
Theorem 6.1. [AB98] Let X be an unbounded proper CAT(0) space. If Γ is an amenable group of isometries of X, then Γ fixes either a point in its geometric boundary X(∞) or a flat in X setwisely.
Before proving Theorem 1.2, we first provide the following result which can be viewed as a type of classical Bieberbach Theorem.
Proposition 6.2. Let Γ be a finitely generated group which acts on the Euclidean space R n by isometries. If there exists a bounded subset F ⊂ R n such that ∪ ϕ∈Γ ϕ(F ) = R n . Then we have for any o ∈ R n ,
Proof of Proposition 6.2. By the triangle inequality, for any distinct points p, q ∈ R n ,
So it suffices to show (33) when o is the origin of R n . By the boundedness of F one may choose R > 0 sufficiently large such that
where
be the sphere of radius 2R centered at o. We can find a finite collection of points {p i } 1≤i≤l ⊂ S o (2R), where l > 0 is an integer, such that
where Cone o (x, θ) = {y ∈ R n : ∠ o (x, y) ≤ θ} is the closed cone about x of angle θ. By (34), for every 1 ≤ i ≤ l, there exists an element ϕ i ∈ Γ such that
It then follows from the triangle inequality that
From the cosine formula it is easy to see that for every 1 ≤ i ≤ l,
This together with (35) implies that
Let L ≥ 1 be the maximal word norm of {ϕ i } 1≤i≤l . That is,
Let Φ 1 = ϕ j 1 with j 1 = 1. Consider the straight (geodesic) segment from Φ −1
A direct computation shows that
By the definition of L and the triangle inequality it is clear that
Thus, we have
Assume now that we already have
. By a computation similar to that of (37) we have
By repeating this process we get a sequence {Φ k } k≥1 ⊂ Γ such that
And by (38) we know that
Remark 6.3. Unlike the assumptions in the classical Bieberbach Theorem [BGS85, Page 103], in Proposition 6.2 the action of Γ on R k is not required to be properly discontinuous.
We are now ready to prove Theorem 1.2.
Proof of Theorem 1.2. Let M be the universal cover of M . For an end E of M we let σ : [0, ∞) → M /Γ be a geodesic ray that converges to E. Choose a geodesic ray γ ⊂ M which is a lift of σ and let η = γ(∞) ∈ M (∞). As introduced above, by [Ebe80, Theorem 3.1], the fundamental group π 1 (E), consisting of parabolic isometries, is isometric to Γ η = {ϕ ∈ Γ : ϕ(η) = η}. Meanwhile, it is known [Ebe80, Lemma 3.1g] that Γ η acts properly and cocompactly on every horosphere centered at η. In particular, the group Γ η acts cocompactly on the transverse space M η of η.
Our aim is to show that the transverse space M η of η is a bounded space, which in particular implies that sup
Theorem 1.2 then follows immediately from Proposition 3.3.
To this end, we consider the action of Γ η on M η . As remarked in Section 2, an isometry ϕ ∈ Γ η of M induces an isometry of M η with the same translation length. Recall that Theorem 2.7 tells that the translation length |ϕ| = 0 on M for every ϕ ∈ Γ η . Thus, the translation length of the induced isometry ϕ of M η also vanishes. This implies that Γ η contains only non-axial isometries of M η .
We argue by contradiction to show that the transverse space M η is bounded.
Assume that M η is unbounded.
First by Theorem 5.1 we know that the group Γ η has zero algebraic entropy. In particular, it is an amenable group [dlH00, Page 205]. From Theorem 2.8 we know that the transverse space M η is a complete proper CAT(0) space. By Theorem 6.1, the group Γ η either fixes a point in the geometric boundary M η (∞), or fixes setwisely a flat in M η .
Case-1. There exists a point η 1 ∈ M η (∞) such that Γ η fixes η 1 . Since the translation length of every element of Γ η is 0 on M η , an isometry ϕ ∈ Γ η which acts nontrivially on M η is either an elliptic or a parabolic isometry. By Lemma 2.4, each horosphere in M η centered at η 1 is invariant under Γ η . This contradicts that Γ η acts cocompactly on M η (see Remark 2.5).
Case-2. The group Γ η fixes setwisely a flat R m ⊂ M η . Since Γ η acts cocompactly on M η , it also acts cocompactly on R m . By Proposition 6.2 there is a point o ∈ R m ⊂ M η such that
On the other hand, fix a horosphere H in M centered at η. Since M η is the metric completion of (H, d η ), we can find a point p ∈ H so that d η (p, o) ≤ 1. Combining Proposition 5.3 and (39) yields
Which is a contradiction.
7. Proofs of Corollary 1.7, 1.8 and 1.9
In this section we prove Corollary 1.7, 1.8 and 1.9. First we prove Corollary 1.7. We adopt the argument in [Sch84] for the pinched negative curvature case.
Proof of Corollary 1.7. By Theorem 1.2 one may assume that Γ ′ be a nilpotent subgroup of π 1 (E) of finite index. So it suffices to show that the rank rank(Γ ′ ) of Γ ′ is dim(M ) − 1. By [Ebe80, Theorem 3.1] we know that π 1 (E) is finitely presented. Thus Γ ′ is a finitely generated torsion-free nilpotent group. By a theorem of Malcev [Rag72, Theorem II.2.18]) we have that Γ ′ is isomorphic to a lattice of a simple connected nilpotent Lie group whose dimension is the same as the rank of Γ ′ . By [Ebe80, Lemma 3.1g] we know that Γ ′ acts on a horosphere of the universal cover of M , which is homeomorphic to R dim(M )−1 , with a compact manifold quotient. The conclusion that rank(Γ ′ ) = dim(M ) − 1 follows from the fact that any simple connected nilpotent Lie group of rank d is homeomorphic to R d .
In [AS92] Abresch and Schroeder constructed certain four dimensional open manifold M 4 of finite volume with curvature −1 ≤ K M 4 < 0. And the fundamental group of each end of M 4 contains a subgroup which is isomorphic to the fundamental group of closed surface of genus g ≥ 2. One may see [AS92] for more details. Now we prove Corollary 1.8.
Proof of Corollary 1.8. First by [AS92, Theorem 0.1] there exists a compact subset C of M 4 such that M 4 \ C is homeomorphic to W × (0, ∞) where W is a closed three dimensional aspherical manifold. Using this parameter it is known that as t → ∞, the set W × (t, ∞) leaves every compact subset of M 4 .
We argue by contradiction. Suppose that the universal covering space M 4 of M 4 is a visibility manifold. Then we can apply [Ebe80, Theorem 3.1] to get that there exists a boundary point η ∈ M 4 (∞) and precisely invariant horosphere H, determined by a geodesic ray whose infinite endpoint is η, such that an end E is homeomorphic to (H/π 1 (E)) × (0, ∞) where π 1 (E) is the fundamental group of E. Using this parameter it is known that as s → ∞, the set (H/π 1 (E)) × (s, ∞) leaves every compact subset of M 4 .
Fix the subset W × (1, ∞). Then there exists a large enough constant s 0 > 0 such that the following inclusion (H/π 1 (E)) × (s 0 , ∞) ֒→ W × (1, ∞)
holds.
Similarly there exists a large enough constant t 0 > 0 such that we have the inclusion W × (t 0 , ∞) ֒→ (H/π 1 (E)) × (s 0 , ∞).
It is clear that the composition of inclusions
is a homotopy equivalence. In particular, we have π 1 (W ) ∼ = π 1 (H/π 1 (E)) ∼ = π 1 (E).
By the construction in [AS92] we know that π 1 (W ) contains a free subgroup of rank at least two. In particular, the group π 1 (E) cannot be almost nilpotent [Gro81] . On the other hand, by Theorem 1.2 we know that π 1 (E) is almost nilpotent, which is a contradiction.
Proof of Corollary 1.9. Let E be the end and σ : [0, ∞) → M be a geodesic ray converging to E. Then for any two lifts γ 1 , γ 2 of σ in the universal cover M of M satisfying γ 1 (∞) = γ 2 (∞) = η ∈ M (∞), by [Ebe80, Theorem 3.1] there exists an element ϕ ∈ π 1 (E) such that ϕ • γ 1 = γ 2 . By Theorem 1.2 the group π 1 (E) is almost nilpotent. By [Ebe80, Lemma 3.1g] the fundamental group π 1 (E) acts cocompactly on every horosphere centered at η. Then the conclusion follows by Theorem 4.1.
Appendix: a visibility manifold with a finite volume quotient is not Gromov hyperbolic
In this appendix we construct a complete surface of finite volume with curvature −1 ≤ K < 0, whose universal cover is a visibility manifold but not a Gromov hyperbolic space. This example shows that the argument in the proof of Corollary 3.5 is not adapted to general visibility manifolds.
Let (S, g) be a noncompact surface of constant negative curvature −1 with finite volume. Such a surface has only finitely many cusps. For simplicity we further assume that S has only one cusp E, which can be expressed as S 1 × [0, ∞) endowed with the hyperbolic metric exp(−2t)ds 2 + dt 2 , where ds 2 is the flat metric on S 1 .
Let h : [0, ∞) → R be a smooth function such that
(1) h is positive and monotonically decreasing, (2) h ′′ /h is positive and monotonically decreasing, (3) h = exp(−t) for 0 ≤ t ≤ 1, (4) h = 1 t 2 for t ≥ 3.
Such a function could be constructed by elementary calculus. We change the metric on E = S 1 × [0, ∞) to h 2 (t)ds 2 + dt 2 and obtain a new smooth metric g ′ on S. Since both S 1 and [0, ∞) are complete, their warped product is also complete (e.g., see [BO69, Lemma 7.2]). We first show that (S, g ′ ) is a finite volume surface with bounded nonpositive curvature whose universal cover is a visibility manifold.
Let S ′ = S − (S 1 × (3, ∞)). S ′ is a compact surface with boundary. The volume of S with respect with the new metric g ′ is To see that (S, g ′ ) is visible, we check that it satisfies a visibility criterion due to Eberlein and O'Neill [EO73, Proposition 5.9], which states that if a nonpositively curved manifold M has curvature order ≤ 2 at a point p ∈ M , i.e., if ∞ 1 |k(γ ω (t))|t dt = ∞ for all ω ∈ S p M, where γ ω is the geodesic ray with initial velocity ω and k(γ ω (t)) = min{|K(π)| : π ⊂ T γω(t) is a two-dimensional subspace}. Then M is a visibility manifold.
In fact, direct computation gives
where K g ′ (q) is the Gaussian curvature at q with respect with the metric g ′ . By the choice of h, −1 ≤ K g ′ < 0. We have for any p ∈ S 1 × {0} and for any ω ∈ S p S,
hence by the visibility criterion the universal cover of (S, g ′ ) is a visibility surface. It remains to show that (S, g ′ ) is not Gromov hyperbolic. LetS be the universal cover of (S, g ′ ). Assume now thatS is δ-hyperbolic for some δ > 0. Let γ be a geodesic ray in S converging to the end E andγ be a lift of γ toS. It is not hard to see that a horoball inS centered atγ(∞) is given by R × [0, ∞) endowed with the metric h 2 (t)ds 2 + dt 2 . Denote by H −t the horosphere R × {t} and by d H the horospherical distance between two points on the same horosphere.
Let T > 3 + 12δ be a sufficiently large constant. Set x 0 = (0, T ) and y 0 = (2δT 2 , T ). We have Hence we have constructed a complete visibility surface S with bounded nonpositive curvature and finite volume whose universal cover is not Gromov hyperbolic. Examples in higher dimensions can be obtained similarly using warped products. 
